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Abstract

Wepresentthesolution of thenon-AbelianSU(3) Chern—Simonsfield theorydefined
in a genericthree-manifoldwhich is closed,connectedandorientable.Thesurgeryrules,
which permitusto solvethe theory,arederivedandseveralexamplesof vacuumexpecta-
tion valuesof Wilson line operatorsare computed.The three-manifoldinvariantassoci-
atedwith thenon-AbelianSU(3) Chern—Simonsmodel isdefinedand itsvaluesarecom-
putedfor variousthree-manifolds.
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1. Introduction

In this article,we solvethenon-AbelianSU(3) Chern—Simons(CS) quantum
field theorydefinedin a genericthree-manifold~Awhich is closed,connectedand
orientable.Eachmanifold J/ of this type admitsa (“honest”) surgerypresenta-
tion given by Dehnsurgeryon the three-sphereS3. Eachsurgeryinstruction is
representedby a framedunorientedlink 2’ in 53, which is calledthe surgerylink.
We shallderivethe field theoryrulescorrespondingto a genericsurgeryinstruc-
tion. In this way, the expectationvaluesof the gaugeinvariant observablesin ..#

canbeexpressedin termsof the expectationvaluesin S3.
The main featuresof the SU(3) CS theory in S3 havebeenanalyzedin Ref.

[1]. Thepresentpaperis the continuationof the article [1]. Severalresultsob-
tainedin Ref. [1] will be usedin our constructionof the surgeryoperator.Our
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work is organizedas follows. Firstly, weshall constructthe field theoryoperator
whichrepresentssurgerywhenthe gaugegroupis SU(3).Then,severalexamples
of Wilson line expectationvaluesdefinedin variousthree-manifoldswill be ex-
amined.Finally, the three-manifoldinvariantwhich representsthe valueof the
improvedpartition functionwill bedefined; explicit non-trivial three-manifolds
will beconsideredandthe valueof theassociatedinvariantwill becomputed.

The constructionof the surgeryoperatorsfor the CS theory with a generic
(simple compactLie) gaugegroup Gis alsoconsidered.

2. Dehn surgery

In this sectionwe recall somebasicdefinitionsof surgeryon three-manifolds.
Let usconsidersurgeryoperationsin S3. A Dehnsurgeryperformedalonga knot
~ in S3consistsof
(1) removingthe interiorN, of atubularneighbourhoodN of theknot ~, from

S3.
(2) considering53_N and N as distinct spaceswhose (distinct) boundaries

a(S3—N)andaNaretori;
(3) gluing backN and S3 — N by identifying the pointson their boundariesÔN

andô(S3 — N) accordingto agivenhomeomorphismh: 8N—~a (S3— N).
Theknot .~2”andthe “gluing” homeomorphismh completelyspecifythe surgery
operationandtheresultingmanifoldis indicatedby

Ji=(s3_N)yN. (2.1)

Actually, the manifold (2.1) depends[2], up to homeomorphism,only upon
thehomotopyclassofh(~i)in 0(S3—N),where

4uis ameridianof N. Thesurgery
is characterizedthen by the knot ~ andby a closedcurve Ye3N representing
hCu). The convention,introducedby Rolfsen [2], which is usedto codify the
surgeryinstructionis the following. Theclass [Y} e ir~(SN) is written as

[Y]=a[,fl+b[4u] , (2.2)

wherethegenerators)~and~uarethelongitudeandthemeridianof aRolfsenbasis
[2,31in ÔN. Since Yis aknot in 0N, theintegercoefficientsaandb appearingin
eq. (2.2) arerelativelyprime.Theratio

r=b/a (2.3)

is calledthesurgerycoefficient.In conclusion,thesurgeryinstructionis specified
simply by theknot ~ in S

3 andby therationalsurgerycoefficientr.
Theknot ~, alongwhich surgeryisperformed,is not orientedandYalso is not

oriented.Therefore,in a fixed Rolfsenbasis,the coefficientsaandb appearing
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in eq. (2.2) possessan overallambiguityin their signs,dependingon the choice
of the orientationof Y. Similarly, for fixed orientationof Y, a differentchoiceof
theRolfsenbasismodifiesbothsignsof the coefficientsa andb. This ambiguity
doesnot affect the resultingmanifold obtainedby surgeryand, in fact, this am-
biguity disappearsin thesurgerycoefficient r.

Whena=0,necessarilyb= ±1 andthe surgerycoefficient is indicatedby r=co.
In this case,Y is a meridianof N. This meansthat the image,underthe gluing
homeomot-phismh, of the meridian ~ of N is ambientisotopicwith ~uitself.
Therefore,the resultingmanifoldisjust S3.In conclusion,thesurgeryinstruction
specifiedby anarbitraryknot .~ with surgerycoefficient r= x correspondsto the
identity.

Clearly, the surgeryoperationof removingandsewingasolid toruscanbe re-
peatedseveraltimes.Therefore,ageneralsurgeryinstructionconsistsof an uno-
rientedlink 2’ in S3, calledthe surgerylink, with given surgerycoefficients{r

1}
assignedto its components{.2~}.

Forexample,when2’ isthe unknotwith surgerycoefficient r=b/a, the result-
ing spaceis homeomorphicwith the lensspaceL ( b, a). In particular,the unknot
with surgerycoefficient r= 0 correspondsto S

2xS’. If 2’ coincideswith the Bor-
romeanRingswith all thesurgerycoefficientsequalto + 1, theresultingmanifold
istheicosahedralspaceor Poincarémanifold .9. TheBorromeanRingswith sur-
gerycoefficientsr

1=O, for i= 1,2, 3, represent51 xS’xS
1.

Different surgeryinstructionsnot necessarilycorrespondto different mani-
folds. To be more precise,two manifolds associatedwith differentsurgeryin-
structionsarehomeomorphicif andonly if the two surgeryinstructionsarere-
lated [2,4] by a finite sequenceof Rolfsenmoves.

A Rolfsenmoveof thefirst type is quite obvious:it statesthatonecanaddor
eliminatea componentof the surgerylink 2’ with surgerycoefficient r= x. A
Rolfsen moveof the secondtype describesthe effectsof an appropriatetwist
homeomorphismt± actingon a solid torus which containspart of the surgery
link. Let .2’ be asurgerylink in which oneof its components,say2’j, isthe unknot
with surgerycoefficient r

1. Thismeansthat all theremainingcomponents{..~}
(with j~1) of 2’ belongto thecomplementsolid torus ~ of 2’j in S

3. Undera
twist homeomorphism~ of ~, the component2~is not modified, i.e. 2”~= 2~.
Theremainingcomponents{.~}aretransformedunderthe twist t÷,r÷

accordingto the rules illustratedin Refs. [2,3]. Furthermore,the surgerycoeffi-
cientsalsoaremodified.Onecanshow[2] thatthe newsurgerycoefficientsare

1
r~=(l/r

1)±1’ (2.4)

r~=r~±[x(g,2’~)]
2forj�l , (2.5)
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wherex(2~,2’~)is the linking numberof 2~and2j. Thus,we havetwo surgery
instructionswhicharedescribed,respectively,by
(i) the surgerylink .2’ with surgerycoefficients{r,};
(ii) the surgerylink .2” with surgerycoefficients{r}.
The surgeryinstructions(i) and (ii) aresaidto berelatedby a Rolfsenmoveof
the secondkind anddescribehomeomorphicmanifolds.

Thethreesurgeryinstructionsshownin Fig. 2.1 describethe manifold S2x 5’.
Thefirst andthe secondinstructionsarerelatedby a Rolfsenmoveof the second
kind, whereasthesecondandthethird instructionsarerelatedby aRolfsenmove
of the firstkind. Thesurgeryinstructionsshownin Fig. 2.2 arerelatedby Rolfsen
movesandcorrespondto the Poincarémanifold9.

Two differentsurgeryinstructions,which arerelatedby afinite sequenceof
Rolfsen moves,arecalledequivalent.The set of all possiblesurgeryinstructions
canbedecomposedinto classesof equivalentinstructionsandafunctiondefined
on theseequivalenceclassesis calledathree-manifoldinvariant.

It shouldbe notedthat the finite sequencesof Rolfsen movesactually corre-
spondto theset of orientation-preservingself-homeomorphismsof agiventhree-
manifold. If wewishto includeself-homeomorphismswhich arenot orientation-
preserving,wesimply needto addthe inversionof S3 (or mirror-reflection)as
an admissiblemove.

Let J/ be the manifold describedby the surgerylink 2’. The ambientisotopy
classof a given framedorientedlink in .~Hwill be representedby a framedori-
entedlink L in the complementof 2’ in S3.

TheLickorish (orFundamental)Theorem[5] statesthateveryclosed,orient-
able andconnectedthree-manifoldcanbe obtainedby surgeryin S3 moreover
onemayalwaysfind suchasurgerypresentationin whichthesurgerycoefficients
areall ±1 andthe individualcomponentsof the surgerylink areunknotted.Let
usdenoteby S~andS_the elementarysurgeryoperationsin S3correspondingto
the instructionsdescribedby the unknot U in S3 with surgerycoefficient r= + 1
and r= — 1 respectively.The three-manifoldobtainedaccordingto a singlesur-
gery instructionS±or S_ is homeomorphicwith S3. By combiningseveralsur-

Fig. 2.1. Surgeryinstructionsrelatedby Rolfsenmoves.

Fig. 2.2. Equivalentsurgeryinstructions.
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genesS±,anythree-manifoldJ/ canbeobtained.
Let us introducethe so-called“honest” surgeries[2,4,5]. It is not difficult to

prove thatonecanalwaysfind a “honest” surgerypresentationof agiventhree-
manifold:thissimplymeansthatall thesurgerycoefficients{r1} areintegers.When
theratio r, appearingin eq. (2.3), is aninteger,onecantakea= 1 andb= r in eq.
(2.2). In this case,the curve Y is a longitudeof N andcanbe interpretedas a
framingof the surgeryknot ~. Thelinking numberx( ~, Y) of ~ andY is given
preciselyby thecoefficient b, seeeq. (2.2),andthen

(2.6)

Therefore,asurgerylink 2’ with integersurgerycoefficients {r1} canbe repre-
sentedby aframedlink 2’ in whichthelinking numberof the component2~and
its framing.2~is equalto r1.

Let usnow considerthe set of all possibleinstructionscorrespondingto “hon-
est” surgeries.Two such different instructionsdescribehomeomorphicmani-
folds if andonly if they arerelated [4] by a finite sequenceof Kirby moves.A
Kirby moveis the analogueof a Rolfsen moveandcanbe definedas follows.
Supposethatonecomponent,say2’~,of .2’ is the unknotwith framing2’j~such
thatx( 2~,.2’~~-)= ±1. Then,this componentcanbe eliminatedprovidedthat we
performatwist r~on the complementsolid torus ~ of 2~in S

3. In general,let us
considera Kirby move whena real link L is alsopresentin the manifold.1/. In
this case,the twist ~ of solid torus ~ clearlyacts on all the remainingcompo-
nentsof 2’ and,simultaneously,on the link L.

By usingeqs. (2.4) and (2.5), enteringthe definition of the Rolfsenmoves,
andthetransformationproperty [2] of framingsundertwist homeomorphisms,
it is easyto provethat the invarianceunderKirby movesis in factequivalentto
theinvarianceunderRolfsenmoves.

3. Elementarysurgeries

In orderto solvetheCStheoryin agenericthree-manifoldJ/,we needto com-
putethe expectationvaluesof Wilson line operatorsin J/. As we havealready
mentioned,eachlink in .~tcanbe representedby a link in the complementof .2’
in S3, where2’ is a surgerylink correspondingto JI. Accordingto the Lickorish
Theorem,2’ canbe takento be acollectionof unknotswith surgerycoefficients
±1. Thus,weonly needto considerthe meaningof the singleelementarysurgery
operationsS~andS.

The surgeryinstructionassociatedwith S±is representedby the unknot U in
S3 with surgerycoefficient r= ±1. From the invarianceunderKirby moves,it
follows thatS±(S) canbe interpreted[3] as the generatorof a left-handed
twist t.. (right-handedtwist r~)of thecomplementsolid torusof Uin 53• There-
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fore, for anygiven framedlink L in the complementof U in S3, theactionofS±
is givenby

S±:L—L~, (3.1)

whereL ~ is the imageof L undera twist homeomorphismr~of the comple-
mentsolidtorus of Uin S3. So,undersurgeryS±,theobservablesof theCStheory
transformas

S±:<W(L)>js
3~<W(L~)>Is,. (3.2)

At thispoint, our strategyis to find [3] field theoryoperators~i~(U; ±1) which

representthe surgeryoperationsS±accordingto
<W(L~)>Is3<W(L)~(U; ±l)>js,/<~(U; ±1)>Is’. (3.3)

For thequantumCS field theory in S ~, with fixed integerk, the physically in-
equivalentgaugeinvariantquantumnumbersassociatedwith a knot (or a solid
torus) aregiven [1] by the elementsof the reducedtensoralgebra‘

9~k).Let us
denoteby {w~} the elementsof the standardbasis of ‘~k), wherethe collective
index i runsfrom 1 to the dimensionof the reducedtensoralgebraand i~ii

1denotes
theidentityelementin .2~k).

Let usrecallthatanygaugeinvariantobservable& (C) associatedwith theknot
Cadmits [1] adecomposition

&(C)= ~~‘(p)W(C;~[p]), (3.4)

where{~‘(p)}arenumerical(complex)coefficients.In eq. (3.4), thesumis over
theinequivalenceirreduciblerepresentationsof thegaugegroup.TheWilsonline
operators,enteringeq. (3.4),aredefinedfor theknot Cwith agiven choiceof its
framingandits orientation.For fixed integerk,differentelementsx [p] andx [p’]
of thetensoralgebra.Y not necessarilyrepresentphysicallyinequivalentcolour
states[1]. In termsof the physicallyinequivalentcolourstates,eq. (3.4) becomes

&(C)= ~~(i)W(C;w1) (3.5)

where{~i~}aretheelementsof the standardbasisof the reducedtensoralgebra
~k) andthecoefficients { ~( i) } are linearcombinationsof {~‘ (p) }. Therefore,the
elementarysurgeryoperatorslT7( U; ±1) can bewritten as

~‘(U; ±l)= >~Ø±(i)W(U;yJ1), (3.6)

where,in ourconvention,theunknot U haspreferredframinganda fixed orien-
tation.Now, ourpurposeis to determinethecoefficients{ 0±(i) }. Let usconsider
agenericframedL which doesnot intersectU. This meansthatL belongsto the
complementsolid torus ~ of U in 53• Accordingto eq. (3.5), W(L) canalways
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bewritten as

W(L)= >~(j)W(C;w1), (3.7)

whereW(C; ~) is the Wilson operatorassociatedwith theorientedcore Cof ~
with preferredframing.Let L ~) (C

1±))bethe imageof L (C) undera twist
homeomorphism~± of ~ Fromeq. (3.7) it follows that

W(L1~~)=~j)W(C~w~) . (3.8)

Thevacuumexpectationvalueof bothsidesof thisequationgives

<W(L~)>I~
3=~~(j)q±QWEo[j} , (3.9)

whereQ(j) isthequadraticCasimiroperatorof an irreduciblerepresentationof
SU(3) which belongsto the class~ and E0[I] is the valueof the unknotin S

3
with preferredframingandwith colourstate yi

1. Expression(3.9) hasbeenob-
tainedby takinginto accountthetransformationproperty [1] of theexpectation
valuesundera modificationof the framingof the link components.

If wedenoteby ~±theexpectationvalue

(3.10)

eq. (3.3) takesthe form

~ J)q~’~E0[J]

= ~ O±(i)<W(C;~)W(U;~t’1)>Is3, (3.11)

where<W( C; ~ W(U; w)> Is’ = H1~is thevalueoftheHopflink in S
3with com-

ponentsUand C; bothcomponentsUandCof the Hopflink, shownin Fig. 3.1,
havepreferredframingsandarelabelledby ~í andw

1~respectively.
Thecoefficients{ 0±(i) } mustbechosenin sucha way thateq. (3.3) holdsfor

anylink L. Thismeansthateq. (3.11)musthold for arbitrarycoefficients{ çc(j) }.
Therefore,for anyj, {Ø±(i)} mustsatisfy

~Ø÷(i)H11=..t±q~°~E0[j] . (3.12)

Fig. 3.1.OrientedHopflink in 53•



372 E. Guadagnini,L. Pilo /JournalofGeometryandPhysics14(1994)365—404

The values{H,,} of theHopflink areinterpretedasthematrixelementsof a sym-
metric matrixH called theHopfmatrix. By definition of reducedtensoralgebra,
this matrix is non-singularandthelinear system(3.12) determinesthe coeffi-
cients {Ø±(i)} uniquelyup to amultiplicative constant.Before working out the
generalcase,we shallillustratehowto solveeq. (3.12) in a few simplecases.

4. Elementarysurgeryoperatorsfor low valuesof k

Whenk= 1, thereducedtensoralgebrais of orderthree[1]; the elementsof
thestandardbasisof3’~l)aredenotedby{W[0], W[l], Y’[—l]} whereW[0] is
theunit element,seeRef. [11. In thiscase,eq. (3.12) takestheform

(1 1 1 \f~±o\ / 1
1 1 e

2~nh/3 e2’~3 II 0±(1) =2±I e”2~”3I (4 1)
1 e_2Thh/3 e2~3) ~0±( — 1)) ~e±2Thh/3J

Thesolutionof this systemis

Ø±(—l)=Ø±(l)= ±(i/~)2±e~’2~3 (4.2)

Thesolutionofeq. (4.1) dependslinearly on the parameterA ±;the (nonvanish-
ing) valueof A ±is free andthevacuumexpectationvaluesoftheobservableswill
not dependon it. For laterconvenience,we fix 2±to be

2±=e~1Th/2. (4.3)

With thischoice,the elementarysurgeryoperatorsare

(4.4)

whereUhaspreferredframingand

(4.5)

When k= 2, the reducedtensoralgebra.2~2)is isomorphic[1] with .2~i) and
the Hopfmatrix is thecomplexconjugateof thematrix shownin eq. (4.1).Con-
sequently,onehas

2 — ±i~/2

(4.6)

Fork= 3, the reducedtensoralgebrais of orderone;thebasiselement!P[0, 0]
canbe representedby the elementx[O~0] of,tT correspondingto the trivial rep-
resentationof SU(3). Whenk= 3, surgeryis realizedin atrivial way becausethe
elementarysurgeryoperatorscoincidewith the identity.
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Whenk= 4, thereducedtensoralgebra~~4) is of orderthreewith basiselements

w,=!I’[O,O] , ~2=W[l,0] , ~3=Y’[0, 1], (4.7)

where { ~P[0, 0], ~P[1, 0], ~P[0, 1] } correspond[l]to the threepointsof the
fundamentaldomain44. Eq. (3.12)takesthe form

/1 1 1 \/o±w\ / 1
I 1 e

2’~’3 e2~13I I Ø÷(2) 1—2±1e±2~h/’3I (48)
1 e2~’13 e2~’13) \o±(3)) \e±2Thh/3)

The solutionof eq. (4.8) is

2 — ~iir/2
±—

= (l/~/~)(w~+e~2’~3W
2+e~’

2’~3~
3). (4.9)

It is clearthat, for every fixed valueof k, the computationof the elementary
surgeryoperatorsl~’(U; ±1) is straightforward.Ourmain tasknowisto produce
thegeneralexpressionof J1’( U; ±1) for anyk>~3.

5. Elementarysurgeryoperatorsfork? 3

In this sectionweshalldeterminethesolutionof system(3.12),which defines
theelementarysurgeriesoperators,for k? 3. Sincethe low valuesof khavebeen
consideredin the previoussection,the resultsof this sectioncompletelydeter-
minetheelementarysurgeryoperatorsfor all the permittedvaluesof k.

Let usrecallthateachirreduciblerepresentation(m, n) of SU(3) corresponds
to oneelementX[m, n] ofthe tensoralgebra~Tandcanberepresentedby apoint
of coordinates(m, n) on atwo-dimensionalsquarelattice. In Ref. [1] we have
shownthat, for k? 3, thereducedtensoralgebra~~k) coincideswith theclassesof
elementsof ~ modulothe ideal‘(k) generatedby the vectors~= x [k —2, 0] and
~2=~[k—l, 0]. Theelementsof thestandardbasisof.

9~k)are{!P[a, b]}, where
W[a, b] canbe representedby X[a, b] with (a, b)eAk.The fundamentaldomain

~-1kof thesquarelatticeis definedby

4k~{(a,b)} wlthlO<b+k
2 (5.1)

Fromeq. (5.1) it follows that .2~k)is of orderd(k)= (k— 1) (k—2)/2.To sim-
plify notations,weshalldenoteby {~,}the elementsof the standardbasisof ~

9~k)

with 1 ~ i ~d( k). Theelementw~correspondsto the unit W[ 0, 0] of thereduced
tensoralgebra.We canintroducetheautomorphism* of ~k) definedas

!P[n, m] —~- W[m, n] . (5.2)
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The * transformationcorrespondsto theusualconjugationoperationon the rep-
resentationsof SU(3). We shalldenote* by

(5.3)

Thestructureconstantsof .9 aregivenby

X[Pi]X[P2]= ~ (5,4)

where~ is the multiplicity of the irreduciblerepresentationp which is con-
tainedin the decompositionofthetensorproductPi®P2. In the standardbasisof
,ir, the structureconstantstakenonnegativeintegervalues.By definition,onehas
[1]

~ , (5.5)

~ , (5.6)

(5.7)

wherep” is thecomplexconjugateof the irreduciblerepresentationp.

The structureconstants~ of ~
1~k)are determinedby

çu
1yí,= ~ ~ . (5.8)

‘‘I

Since‘~‘(k) J/i(k), the structureconstants{NIIm} are uniquely determinedby
~ Indeed,the decomposition~ canbe obtainedin two steps.Firstly,
onehasto analyzethe correspondingdecompositionin Y of the productxx1 of

tworepresentativesof w• and~. Secondly,by usingthecorrespondencerulesgiven
in Ref. [1], eachelementappearingthe decompositionof XiX1 mustbe replaced
by its correspondingclassin ‘

9~k)~It is importantto notethatthe correspondence
rulesbetweenthe elementsof Y and‘~k) introduce[1] well definednontrivial
signswhich mustbetakeninto account.

Since~k) is commutativeand* is an automorphism,onefinds

~ =AT
11m , ~ ~ (5.9)

Furthermore,as shownin AppendixA, onehas

N,1,,1~ . (5.10)

Fromeqs. (5.9) and(5.10), it follows that

(5.11)

In order to constructthe elementarysurgeryoperators,we needto prove the
following Lemma.

Lemma1. Let 9(i,j) beafunctionon .Y~k)®.~k).Then,onehas
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~ >~Nimi~(1,J) ~ ~N.9~(i*j*) (5.12)
ii J I

Proof Since * is an automorphismof ~k) andthe indexI is summedover the
wholealgebra,the left-handsideof eq. (5.12) canbewritten as

~ Njmj~(j,J)=~ ~ Nj,n1*~(j,j”) . (5.13)

By usingeq. (5.11),onegets

~ I%Tj,y~j.fF(l,J)=~ ~ N~(i,j”) , (5.14)
i I I I

and,by usingagainthefreedomto replacei with i’~in the sum,we have

~ ~Njrnj~(~,I) ~ ~I~rjmj9~:j*,j*)

which coincideswith eq. (5.12). E

Let us recallthat the elementarysurgeryoperatorsW(U; ±1) arewritten as

(5.15)

wherea givenorientationhasbeenintroducedfor the unknot U which haspre-
ferredframing.Thecoefficients{Ø±(i)} arefixedby thefollowing theorem.

Theorem1. Fork?3, theelementarysurgeryoperatorsaregivenbyeq. (5.15) with

Ø±(i)=a(k)q~
t’~E

0[i], (5.16)

16 cos(ir/k) sin
3(n/k)

a(k)= . (5.17)

Moreover,with thenormalizationchoice(5.17),onehas

2±=<~’(U; ±l)>Is~=e~’6~. (5.18)

Proof We needto verify that the coefficients shown in eq. (5.16) satisfy eq.
(3.12).TheHopfmatrixHcanbewritten[1] as

H,
1=q~

1-’~~ N~,~Eo[m]qQ(m). (5.19)

Therefore,if oneinsertsthe values(5.16) for {Ø±(i)} in eq. (3.12),onefinds

~ ~ . (5.20)
I in



376 E. Guadagnini,L. Pilo/JournalofGeometryandPhysics14 (1994)365—404

SinceE0 [i] = E0[ i * I andQ( i) = Q ( i*), by usingLemma1 we have

2~E0[j]=a(k) ~ ~ N,~11q
01”~E

0[m]E0[j] . (5.21)

Onthe otherhand,the valuesof the unknotgive [1] arepresentationof theten-
sor algebrain Z{q~1/3]; for afixed integerk, the valuesof theunknotgive [1] a
representationof~k)in D~.Consequently,

~.N~11E0[i]=E0[m]E0[j] . (5.22)

Thus,eq. (5.21) takesthe form

2~=a(k) ~ q°~E~[i]. (5.23)

It remainsto be verified thateq. (5.23)is valid with thevalues (5.17)and(5.18)
of a(k) and2~.As shownin AppendixB, onehas

z — °~‘~E
2[‘ — _______________________ i6it/k 5 24q ~ 1 — l6cos(ir/k) sin3(ir/k)

Therefore,eqs. (5.17) and (5.18) arein agreementwith eq. (5.23). Clearly, the
coefficients {Ø (i) } andA canbe obtainedby taking the complexconjugateof
{0+(i)}and2±.

Sincethe Hopfmatrix is invertible [1], the coefficients { 0±(1) } areuniquely
determinedby eq. (3.12) up to an overall numericalfactor. In this sense,the
solution(5.16) is unique.Our normalizationchoice(5.17) will simplify oursub-
sequentdiscussionon Kirby movesbut hasno influenceatall on theexpectation
valuesof the observables.

As wehavementionedin Section2, eachsurgerylink 2’ is not oriented.On the
otherhand, in the definition (5.15) of the elementarysurgeryoperators1~V(U;

±1) wehaveintroducedan orientationfor theunknot U. Since W( U; ±1) rep-
resentthe elementarysurgeryoperationsS±,the particularchoiceof this orien-
tationmustbeirrelevant;let usnowverify thatthisis really thecase.Letus recall
that, in general,if the orientednot C hascolour w

1~a modificationof the orien-
tation of C is equivalentto replace~ji with ~ Now, the coefficients{Ø±(i)}
givenin eq. (5.16) verify theequality0±(i) =0±(i*). Consequently,if we mod-
ify the orientationof the unknot U in eq. (5.15), the associatedoperatorsW( U;

±1) arenot modified.Thus,the particularchoiceof the orientationof U in eq.
(5. 15) is totally irrelevant;as it shouldbe.

6. Surgeryrules

In thissection,we shallgive the surgeryrules in the quantumCS field theory
with gaugegroup G=SU(3). We shallalsodiscussthe invarianceunderKirby



E. Guadagnini,L. Pilo/JournalofGeometryandPhysics14 (1994)365—404 377

movesof the resultsobtainedaccordingto theserules.
As we haveshownin Ref. [1], for fixed integerk the physically inequivalent

colourstatesassociatedwith a knotaredescribedby the elementsof the reduced
tensoralgebra‘

9~k).In Ref. [1] wehavealsogiven, for eachintegerk, the corre-
spondencerulesbetweenthe elementsof ~~

3randthe elementsof ‘k)~ Therefore,
for fixed integerk, weonly needto considerthe completesetof observablescon-
sistingof Wilsonline operatorsassociatedto framedorientedlinks whosecom-
ponentshavecolourstatesgivenby elementsof ~

9~k). In the remainingpartof this
article,we shallconcentrateon theseobservables.

Let usbriefly summarizethe resultsof Sections4 and5. The elementarysur-
geryoperatorsl~’(U; ±1) aregivenby

(6.1)

wherethe unknot U haspreferredframingand

W±=a(k) ~ q±Q(i)E
0[j]~1. (6.2)

In eq. (6.2), the sumrules over all the elementsof .Y~k)andthe valuesof the
normalizationfactora(k) are

Jl/~J~ fork=l,2,
a(k)_ ~(l6/k~/~) cos(~/k) sin

3(~/k) fork?3. (6.3)

Eq. (3.12) canbeinterpretedin the following way. Theactionof Jr( U; ±1) on
the element~ of the reducedtensoralgebra.2~k),associatedwith the coreof the
complementsolid torus of Uin ~3, ~s

l’V(U; ±l):~—~eq~00~’,, (6.4)

wherethe valueofen°is

(e~2 for k= 1
e1~?=~e~/2fork=2, (6.5)

~e_I6Th/’k fork?3

Eq. (6.4) showsthat,apartfrom the overall phasefactore±~2,l’i’(U; ±1) are
the generatorsof twist homeomorphismsr-~,of thecomplementsolid torus of U
in 53•Sincethesephasefactorsareconstants(i.e., do not dependon theparticu-
lar colour stateunderconsideration),their presencein eq. (6.4) is completely
harmless.In fact,by introducingthe correctvacuumnormalizationin the expec-
tation values,as shownin eq. (3.3), thesephasefactorscancelout.

By meansof eqs. (6.1 )—(6.5), we cannow computethe expectationvaluesof
Wilson line operatorsfor the CS theory definedin any orientable,closedcon-
nectedthree-manifold,%f~We shallconsiderfirstly thesurgeryrules in thecasein
whichthesurgeryinstructionshavetheform specifiedby theFundamentalTheo-
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rem. Then,we shallgive the surgeryrulescorrespondingto a generic“honest”
surgery.

Accordingto the Lickorish Theorem,.11 hasa presentationin termsof Dehn
surgeryin 53~Moreover,it is alwayspossibleto find a surgerydescriptionof.4’
correspondingto a surgery link 2’in which all its components {2~} (with 1 s~a~p)
aresimplecirclesandhavesurgerycoefficients{ra} equalto + 1 or — 1.

Sincewe knowhow to representin thefield theory the elementarysurgeryS±,
associatedwith eachsinglecomponentin .2’, we canconstructtheoperator~‘( 2’)
representingthe whole surgery.Indeed,for eachcomponent2~,we shall intro-
duceapreferredframing..2~andconsiderthe operatorJ~T’(2~ra), as definedin
eq. (6.1 ). Thefield theoryoperatorJ’V(2’), associatedto thewholesurgery2’, is

[3]

~~‘(2’)=1J~(2’a;ra). (6.6)’

Let L bea given framed link in .4’. As wehavealreadymentioned,the isotopy
classof L ~ .4’ can be describedby a link (that we indicateby the samesymbol
L) in the complementof .22 in 53~

The expectationvalue <W(L)> I ~is simply [3]

(6.7)

By meansof thesurgeryrules (6.6) and (6.7), onecancomputethe expecta-
tion values{ < W(L)> I ~}in anyorientable,closedconnectedthree-manifold.4’.
In orderto discussthe invarianceunderKirby moves,it is convenientto givethe
surgeryruleswhich correspondto “honest” surgeriesin general.

Any “honest”surgeryis describedby asurgerylink .2’ whosecomponents{.2~}
haveintegersurgerycoefficients {ra}. In thiscase,eachsinglecomponent.2~,is
not necessarilyambientisotopicwith a simplecircle, of course. For each com-
ponent2~,we shall introducea framing.2~suchthat the linking numberof 2~,
and~ satisfies

lk(2~,2~c)=ra. (6.8)

Thenwe shallconsidertheWilson line operator

W(2~~), (6.9)

which is associated with the framed component ~ with framing .2~specified in
eq. (6.8).TheelementW0 (surgerycolourstate)isgiven by

~Po=a(k)~Eo[i]~1. (6.10)

It shouldbenotedthattheframingchoice(6.8) isdifferentfrom thepreferred
framingconventionwhich is usedin the definition (6.1).Undera Kirby move,
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theintegersurgerycoefficientra, associatedwith alink component2~,transforms
asthe linking numberlk(2~,,~ For this reason,the framingchoice (6.8) has
an intrinsic meaning.The informationcarriedby theintegersurgerycoefficient
ra is now encoded in the framing of the component ~ and, consequently, the
colourstateW0 of anysurgerycomponentisuniversal.

Theorem2. Thesurgeryoperator,correspondingto the“honest” surgerydescribed
by2’ = { .2~,}with integersurgerycoefficients{ ra} (with 1 ~ a ~p), is

~‘(2’)= fl W(2~~‘0), (6.11)

where~ isshown in eq. (6.10).Theexpectationvalue <W(L)> I is given by

(6.12)

Theresultsobtainedaccordingto eq. (6.12) areinvariantunderKirby moves.

Proof By usingthe covarianceproperties[1] of the expectationvaluesof the
Wilsonline operatorsunderachangeof framing, it is easyto verify that,whenall
thecomponents~ aresimplecirclesandthe surgerycoefficients{ra} areequal
to +1 or —1, eq. (6.12) coincideswith eq. (6.7). In order to prove the consis-
tencyof eq. (6.12),we needto demonstratethat the resultsobtainedaccording
to eq. (6.12) areinvariantunderKirby moves.

Let 2’ bethe instructioncorrespondingto agiven “honest” surgery.Suppose
thatonecomponent,say.2~,of .2’ is asimplecirclewithsurgerycoefficientr1 = ±1.
All the remainingcomponentsof .2’ andthe given link L belongto the comple-
mentsolid torus ~of 2’~in S

3.As wehavestatedabove,W(2~W
0) is equivalent

to 1~~T(2~±1). Considernowthenumeratorand,separately,thedenominatorof
theexpression(6.12). Fromeq. (6.4) it follows that2~can be eliminatedpro-
videdthatweperformatwist homeomorphismr~of ~ and,simultaneously,we
multiply by thephasefactore~

1°Thisphasefactorcancelsoutin the ratio (6.12);
therefore,only the effectsof the twist homeomorphism‘r~arerelevant.Under
thistwist, L is accordinglymodified into its homeomorphicimage,as it should
be. The samehappenswith the remainingcomponentsof 2’. It remainsto be
verifiedthatthenewsurgerycoefficients{r~,}(withb~1) havethecorrectvalues
shownin eq. (2.5); as a consequenceof the transformationproperties[2] of
framingsundertwist homeomorphisms,thisis indeedthe case.

In conclusion,the resultsobtainedby meansof the surgeryrules (6.11) and
(6.12)areinvariantunderKirby moves.Ontheotherhand,with anappropriate
sequenceof Kirby moves,any “honest” surgeryinstructioncan betransformed
into an equivalentsurgeryinstructionof the typespecifiedby the Fundamental
Theorem.In this case,expressions(6.12) and (6.7) coincideandthisconcludes
the proof.
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With our definition of the elements ~‘± shown in eq. (6.2), !P can be obtained
from W+by means of two elementary changes of framing. This is the main reason
of our choice on their normalization.

Fromthe previousdiscussionon the Kirby moves,it is clearthatthe presence
of the phasefactors~ cannotbe avoided.To be moreprecise,whateverthe
normalizationof ~P±is, thenumerator(and,separately,the denominator)of the
expression(6.12) is not invariantunderKirby moves. (Theratio (6.12) is in-
variantunderKirby moves,of course.)In otherwords,aprojectiverepresenta-
tion of the groupof twist homeomorphismsof solid tori is realizedon the state
spaceof the CStheory.

When <W( 2’)> Is’ ~ 0 theexpression(6.12) is well defined.The expectation
value <W(2’)>15, gives informationon the three-manifoldJ/,associatedwith
the surgerylink 2’ in 53, anddependson the valueof thecouplingconstantk. For
fixed .4’, <~‘(2’)> Is’ mayvanishwhenk takesvalueson acertainsetof integers;
in thiscase,eq. (6.12) is not well defined.Let usrecall that,in general,the inter-
nal consistencyof the quantumCS theory definedin .4’ putssomerestrictions
[6] on the possiblevaluesof k. It is naturalto expectthat<~i~(2’)>I53vanishes
for preciselythosevaluesof k for which the quantumCS theory is not well de-
finedin .4’.

7. Generalproperties

The derivationof the field theorysurgeryrulesfor SU(3) thatwe havepre-
sentedin the previoussectionsis basedon the generalargumentsdescribedin
Ref. [3] for the caseof SU (2). Evenif the numericalresultsare differentfor
differentgaugegroups,the underlyingalgebraicstructureis universal. It is re-
markablethatthisuniversalstructureisnot peculiarof topologicalquantumfield
theorybut appearsalsoin all the differentapproaches[7—12]to the newdiscov-
eredthree-manifoldinvariants.Thus,beforeconsideringexplicit applicationsof
thesurgeryrulesin theSU(3) CSfield theory,wewouldlike to presentheresome
generalresultsconcerningtheconstructionof Dehnsurgeryoperators.

Let usconsiderthe CS field theorywith compactsimpleLie groupG. Forge-
nericvaluesof the couplingconstantk, the expectationvaluesof theWilsonline
operatorsarefinite Laurentpolynomialsin acertainpowerof the deformation
parameterq=exp(—i2m/k).By construction,for anyfixed link with n compo-
nents,theseexpectationvaluesaremultilinearfunctionson ~ where~ is the
tensoralgebra(or complexificationof the representationring) of G. Invariance
underlarge gaugetransformationsin S

3 implies thatk is integer [6]. For fixed
integerk, the kernel in .~ which is determinedby the expectationvaluesis an
ideal [1] denotedby ‘(k). Consequently,for fixed integerk, the spaceofthephys-
ically inequivalentcolour statesassociatedwith a knot is simply given by the
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classesof elementsof 5 modulotheideal ‘(k); theseclassesform analgebrawhich
is called the reducedtensoralgebra‘

9~k)’Thus, (for fixed integerk) a complete
setof gaugeinvariantobservablesis representedby the setof Wilson line opera-
torsassociatedwith framedorientedlinks whosecomponentshavecolour states
givenby elementsof ‘9~k)~In theconsideredexampleswhereG is aunitarygroup,
~k) turnsout to beoffinite order.It is naturalto expectthat ‘9~k) is offinite order
alsofor ageneric (simple compactLie) groupG. In what follows, wesimply as-
sumethatthisis indeedthe case.

For genericvaluesof k, the generalizedsatellite relations[1] arewritten in
termsof the elementsof /T. For fixed integerk, theserelationscanbeexpressed
in termsof the elements{~}of the standardbasisof.9~k).Forexample,consider
theknotsC, andC

2 in thesolid torus Vwhich coincideswith thecomplementof
theunknotU in S

3, asshownin Fig. 7.1. Let theseknotshavepreferredframings
andcolours~ and~ belongingto ~k)~ The product W(C

1çii1)W(C2 yi~)of the
associatedWilsonline operatorsadmitsthe decomposition

W(C,;w1)W(C2~)=~N,1~W(C,;w~), (7.1)

where{N,1~} are thestructureconstantsof ‘~k).

At thispoint, oneshouldconstructthe surgeryoperatorsl’V( U; ±1) whichare
determinedby eqs. (3.6) and (3.12). Clearly, the Hopfmatrix H enteringeq.
(3.12)dependson G; nevertheless,weshallshowthatthesolutionof eq. (3.12),
namelytheform of J~T~’(U; ±1), doesnot dependon G. Our proofis basedexclu-
sively on the topologicalpropertiesof surgery;in particular,wewill not usethe
structureof the Hopfmatrix.

Let usconsiderthe setof “honest” surgeries.Eachsurgeryof this kind canbe
describedby a framed unorientedlink .2={.2~}in S

3 we usethe standardcon-
vention in which eachsurgerycoefficient ra is givenby thelinking numberof the
component2~andits framing~ eq. (6.8).As wehavealreadymentioned,with
the choice(6.8) of framing, the surgeryoperatorsarecharacterizedby auniver-
salcolourstate !P

0, seeeq. (6.9).The statementthatthe form of l~(U;±1) does
not dependon G is equivalentto the statementthat ~ hasthestructuregiven in
eq. (6.10).

02

Fig. 7.1. Knots C, and C, in the complementof U in S’.
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Definition. Let ~k) be the reducedtensoralgebrain the Chern—Simonstheory
with compactsimpleLie gaugegroupG. We saythat ‘

9~k)is regularif the follow-
ing propertiesaresatisfied:

(i) 3~k)is of finite order;
(ii) thereis a standardbasisofelements{w~}in .Y~k)suchthatthe structurecon-

stants{N,
1,~},definedby

w~w1= ~ ~
k

satisfytherelations(5.9)—(5.l0);
(iii) with respectto the standardbasisdefinedabove,onehas

2~=a(k) ~ q~(1)E~[i]~O,

whereE0[i] is the value of the unknot, which haspreferredframing and
colour~,1fjE.2~k).

Theorem 3. Let usassumethat the reducedtensoralgebra ‘~

1~k)in the Chern—Si-
monstheory withcompactsimpleLiegaugegroup G is regular. Thesurgeryoper-
ator W(2’), which is associatedto thesurgerylink 2’= {2~,}with integersurgery
coefficients{ra} andframingsspecifiedby eq.(6.8), is givenby eq. (6.11)with

~P
0=a(k) ~E0[i]w~, (7.2)

wherea(k) is anonvanishingnormalizationfactor.

Proof First ofall wenotethat,in thecomputationoftheexpectationvalues(6.12),
the particularvalueof thenormalizationfactora(k) is irrelevant. (Thenatural
choicefor the valueof a(k) will be describedin awhile.) The colourstate~
givenin eq. (7.2),coincideswith the surgerycolour statefound for SU(2) [3]
andSU(3). Thus, in thesecases,the statementof Theorem3 is true.Let usnow
consideragenericgroupG.

Sincethe element~Poe.9~k)doesnot dependon the particularform of the sur-
gery link .2’e 53, W0 mustbe determinedby generaltopologicalpropertiesof sur-
gery. In orderto describetheseproperties,we needto disentanglethe actionof a
genericsurgeryoperation,which is definedinsidea solid torus V, from the par-
ticular embeddingsof this solid torus in 53~To be moreprecise,let us represent
the solid torus V by thecomplementof the unknot U in S

3weshalldenoteby K
the framed coreof Vwith preferredframing.SupposethatK representsthe sur-
gery instructioncorrespondingto the “honest” Dehnsurgerywith surgerycoef-
ficient r=0. Then, each framed component .2~,of a surgery link 2’ in S3 can be
understoodto be the imageh~’(K)of K underthe homeomorphismh<’ which
hasbeendefinedin Ref. [1].
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Sincethe element!1’~ doesnot dependon h~’,in order to find Y’o we only need
to considerthesurgeryoperationdescribedby K in V. By definition,this surgery
consistsof removingatubularneighbourhoodN of K in Vandsewingit backin
sucha way thata meridianof N is mappedinto the curve Y which is shownin
Fig. 7.2. Sinceameridianof Nboundsadisc (standardlyembeddedin a three-
ball), the knot Y shownin Fig. 7.2 is really ambientisotopic with the unknot
(simplecircle) containedinsideathree-ball.Clearly, if theknot Yis framed,then
Yis ambientisotopicwith theunknotwith preferredframing.This is thedesired
propertywhichcharacterizescompletelythesurgeryoperationdescribedby K in
V.

We would now like to representthis surgeryby a Wilson line operatorW(K;
~P0)which is defined for K with preferredframing. As we havealreadymen-
tioned,agivenorientationfor K is alsointroduced,but the final resultswill not
dependon the choiceof this orientation.Supposethat aWilson line operator
W(Y~~) is associatedwith theknot Ywhich is orientedandhaspreferredfram-
ing. Since Y is ambientisotopicwith the unknot (containedinsidea three-ball)
with preferredframing, the Wilson line operatorW(Y; ~) simply gives [3] the
contributionE0 [I]. Therefore,theelement~I~Jmustbe determinedin suchaway
that, inside the solid torus V, the insertionof W(Y; çi’~) (with arbitrary ~u,)is
equivalentto the multiplication by E0 [j]. We shallnow verify that the element
W0, givenin eq. (7.2), haspreciselythisproperty.

Let usconsiderthe productW(K; ~P0)W(Y; ~u,) of thetwo Wilson line opera-
torsassociatedwith K andVinsidethe solid torus V. By usingthedecomposition
(7.1) onefinds

~ (7.3)
I flI

and,by meansof Lemma1, oneobtains

W(K; ~P0)W(Y;~)=a(k) >J~Eo[i*] ~N~11W(K;yJ~~) . (7.4)

m

Sincethe valuesof theunknotgivearepresentationof.~k),the relation(5.22) is
valid; moreover,Eo[i*] =E0[i]. Therefore,eq. (7.4) takestheform

u~OY

Fig. 7.2. SurgeryknotKanditsassociatedframingY.
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W(K; W0)W(Y;yj,)=E0[j]a(k) ~E0[m]W(K;iii~)

=E0[j]W(K; ~P0). (7.5)

This equationholdsfor any ~ Therefore,eq. (7.5) showsthattheoperator
W(K; ~ with ~P0given in eq. (7.2), representsthe surgeryoperationwhich is
describedby the surgeryknotKwith surgerycoefficient r=0.

In order to prove the invarianceunderKirby moves,onehasto considerthe
elementarysurgeryoperatorsl~T’(U; ±1). The operatorsl~V(U; ±1) canbe ob-
tainedfrom W(K; ~) by usingthe satelliterelations.Let usconsidera satellite
of the unknot,with writhe + 1 in S

3, which hasbeenobtainedby meansof the
patternlink definedby the two knotsK andYin V. This satelliteis shown in Fig.
7.3. Accordingto eq. (7.5), the expectationvalue of the Wilson line operators
associatedto thelink of Fig. 7.3 is equaltoE

0L/] < W(U; W±)>I s’. Therefore,by
taking into accountthe behaviourof the expectationvaluesunder achangeof
framing,oneobtains

a(k) ~ qo Eo[i]H,i=UQWE0[j](a(k) ~ q~EO2[i]). (7.6)

This equationcoincideswith eq. (3.12)with

Ø+(i)=a(k)q°~E0[i] , (7.7)

2~=a(k) ~ q~~E~[i]. (7.8)

Clearly, Ø and2_ canbe obtainedfrom 0+ andA + taking the complexconju-
gates.By assumption,2~~ 0 andconsequentlyA ~ 0. Therefore,the invariance
underKirby movescanbeprovedby usingthe sameargumentpresentedin Sec-
tion 6. The naturalchoiceof the normalizationfactor a(k) is to require that
a(k)>0 and IA ±I = 1. This is the conventionthat we haveadoptedin the pre-
vioussections.

By definition of reducedtensoralgebra,~~k) is physically irreducible [1]; this
meansthat if çtie ‘

9~k) is physically equivalentto the null vector, then yi= 0. It
shouldbenotedthat,in theproofof Theorem3, thispropertyof,3~k)hasnot been

~ ~
1Q(j) .1

Fig. 7.3. Satelliteofthe unknotwith writhe + 1.
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used.Theorem3 providesanexplicit solutionto the problemof the surgerycol-
ourstate~P0the uniquenessof thissolutionfollows from Theorem4.

Theorem4. Up to anormalizationfactor, thesurgerycolourstateW~is unique.

Proof Supposethatwe havefound two surgerycolour states!!‘~and W’,~in ~(k)~

Let W~and W’~be the correspondingcolour statesassociatedwith the elemen-
tary surgeryS~.Let usfix thenormalizationof !1’.,~andW’~ (and,consequently,
of W,~andY’~)by imposingthat eq. (3.12)takestheform

(H~P~)1=q°~
1~E

0[i]= (H W1 ),. (7.9)

With thisnormalization,the colourstate‘F= ~t’~— ‘P’.~satisfies

H~P=0. (7.10)

Eq. (7.10) impliesthat,for any link L S
3 in whichoneof its componentsChas

colour ~1’,one has <W(L)> Is’ = 0. Indeed,by using the surgeryoperators,one
canfind asurgerypresentation[2] of L ~ S3 in which Cis theunknotwith colour
p1’. Ofcourse,the remainingcomponentsof L andthe surgerylink belongto the
complementsolid torusof C in S3. Therefore,by usingthe generalizedsatellite
relations[1], <W(L)> I ~, canbe expressedin termsof thevaluesof the Hopf
link in whichone of its componentshascolour W. Consequently,eq. (7.10) im-
pliesthat < W(L)> Is~z0.

Onthe otherhand,since.2~k)is physically irreducible,onehasW=0 andthus
= ~1’i,; thisimpliesthat ~= W~.

The existenceof an operatorwhich representssurgery(Theorem3) implies
thatthe Hopf matrixH,

1 is nonsingular.Indeed,supposethateq. (7.10) is satis-
fied with a certaincolourstate~F.By usingthe methoddescribedin theproofof
Theorem4, one canconcludethat either ‘~k) is physically reducibleor W=0.
Sincethe reducedtensoralgebra.2~k)is (by definition) physically irreducible,it
mustbe !‘= 0; thismeansthatH is nonsingular.

8. Themanifold S
2XS’

The manifold S2x5’ admits [2] a surgerypresentationin which the surgery
link is the unknot U with surgerycoefficient r= 0. The manifold S2x S’ canalso
berepresentedby the region of P~delimitedby two sphericalsurfaceswhich are
centredat the origin andhavedifferent radii; the pointswhich havethe same
angularcoordinateson thetwo spheresareidentified.

The simplestknotC which is homotopicallynontrivial in S2x S’ is shownin
Fig. 8.1. Thelink in S3 shownin Fig. 8.1a hastwo components;onecomponent
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(a) (h)

Fig. 8.1. Knot Cm S’XS’.

representsthe surgeryinstructioncorrespondingto the Dehnsurgeryon S3 which
gives S2x 5’. The remainingcomponent,which haspreferredframing,describes
the knotC. Fig. 8.lbgivesan equivalentdescriptionof Cm S2xS1.

Let C havecolour w
1 theexpectationvalueof the associatedWilson line oper-

atorin S
2x 5’ is givenby Theorem2,

~ (8.1)

Onthe onehand,onehas

(8.2)

Onthe otherhand,onegets

<r’i~(U; ~1’~c,)>IS3=a(k)~E~[j] . (8.3)

As shownin AppendixB, onefinds

3k2
~ E~[j] = 256 sin6(x/k) cos2(~/k)’ (8.4)

( 3k2
~ E

0D]H11=ô,1~256sin
6(~/k) cos2(m/k))’ (8.5)

where~,i’, denotesthe unit elementin .2~k);let us recall that the unit elementof
~k) was indicatedby 9~’[0] for k= 1 andk=2, andby W[0, 0] for k?3. From
eqs. (8.4) and (8.5) it follows that

(8.6)

Let usnow considerthe two componentslink shownin Fig. 8.2; the two compo-
nentsC

1 andC2 shownin Fig. 8.2ahavepreferredframings andcolours~ and
~,respectively.An equivalentdescriptionof C, andC2 in S

2x S’ is givenin Fig.
8.2b. By usingthe satelliteformulae [1], from eq. (8.6) oneobtains

<W(C,, C
2 ~ ~)> I S

2XS’ =N~=ö,~. (8.7)

Thethreecomponentsof the link shown in Fig. 8.3 havepreferredframings
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(a) (b)

Fig. 8.2. Knots C, andC
2 in S’XS’.

~QCi

)a) (h)

Fig. 8.3.Three-componentlink in S
2x S’.

1) K

(a) (h)

Fig. 8.4.KnotsCandKin S2xS’.

andcoloursyi, ~i, andyí

m by usingthe satelliterelationsonefinds

< W(C,,C2, C3 ~,u,,w~,w1~)>Is~xsi= ~ N,jnônm*N,j,n* . (8.8)

The expectationvalueof thethree-componentlink shownin Fig. 8.3 provides
a direct representationof the structureconstants{N,jm* } of the reducedtensor
algebra‘

9~k)~Eq. (8.8) showsthat~ is symmetricunderagenericpermutation
of the indices;this is in agreementwith eq. (5.11).

In order to verify the ambientisotopyinvarianceof the expectationvaluesin
S2xS’,let usconsiderfor examplethe link shown in Fig. 8.4a; the components
C andK havepreferredframingandcoloursw~and~., respectively.On the one
hand,accordingto the surgeryrule (6.12),oneobtains

<W(C; ii’,) W(K; w,•)> IS2XSI =E
0[j]ö,, . (8.9)

On the otherhand,by meansof an isotopy in 52 x 5’ (seeFig. 8.4b) onecan
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movetheknotK insideathree-ball.Consequently,W(K; yj)) givesthe contribu-
tion E

0[j]; thus

< W(C;w1)W(K;~~)>IS2XSI =Eo[j]< W(C,; we)> IS2XSI

=E0[j]ô,, , (8.10)

in agreementwith eq. (8.9).
The two componentsC, andC2 of the link shown in Fig. 8.5 havepreferred

framingsandcoloursw1 and~, respectively.By usingthe surgeryrules,onecan
computethe expectationvalueof the associatedWilsonline operators;onegets

<W(C,; w~)W(C2v’1)> IS2XSI =q
2’~’~,

1~. (8.11)

The result (8.11) can alsobe derivedby usingof the invarianceunderKirby
moves.Indeed, the sequenceof Kirby movesshownin Fig. 8.6 and eq. (8.7)
imply

<W(C,; w~)W(C2vi))> IS2xSl =q~’~’~ô11~. (8.12)

The vacuumexpectationvaluesof the Wilson line operatorsin S
2xS’ canbe

obtainedby meansof a simplegeneralrule.Let usconsiderthe surgerypresenta-
tionof S2x 5’ givenby theunknotU in S3with surgerycoefficient r = 0. A generic
link in S2x 5’ canbe representedby alink L in the complementsolid torusN of
Uin 53~Within the solid torus N, the associatedWilson line operatorW(L) ad-
mitsthedecomposition

W(L)= ~ ~L(l)W(C; vi
t)~ (8.13)

whereC is the orientedandframedcoreof N shownin Fig. 8.la.Now, by using

Fig. 8.5. Knots C~andC2 in S
2XS’

+ I ~~c2 0

Fig. 8.6. Equivalentdescriptionof thelink shownin Fig. 8.5.
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eq. (8.6),onefinds

(8.14)

Since,for anylink L, the ~-coefficientscanbedetermineduniquely(for example,
by means of a Hopf matrix), eq. (8.14) gives a compact description of
<W(L)> Is2xsI.

9. LensspacesandPoincarémanifold

ThelensspaceL (p, 1) admits[2] asurgerypresentationdescribedby theunk-
not U with surgerycoefficient r=p. In order to illustratethe useof the surgery
rules,let us considerthe casein which k= 1. The simplestnontrivial knot C in
L (p, 1) is shownin Fig. 9.1; let C havepreferredframingandcolourçi. Let us
recallthat .1(3) is of orderthreeandthe correspondingHopf matrix is shownin
eq. (4.1).Fromthedefinitionof surgeryoperator,onehas

W C — ~
1qPQ(J)E0[j]J-J31 9 1< ( ~viI)>ILP.1— ~qPQU)E~~] ( .

WC~ Jl ifvi1=W[0],~ >1 L(p,1) — 1(1 —e _12mP/3)(1 +2e’
2~’3)-, if ~ = W[ ±1].

(9.2)

Whenk= 2, <W( C; v’s)> I L(p, 1) can beobtainedby takingthe complexconjugate
on theexpression(9.2).As we havealreadymentioned,the casek= 3 is trivial.
For k=4, onegets

(1 ifvi,=9’[O]
~ ifvi

1=~P[l,0]
1(1—e’

2~3)(1 +2e’2~3)’ ifvi
1= ~[0, 1].

(9.3)

The generalexpressionof <W(L)> IL(p,1) canbeobtainedby usingthe decom-
position (8.13) for W(L), whereL belongsto the complementsolid torus of U
in 53~Similarly to the caseof the manifoldS

2x5’, we only needto considerthe
knot C shownin Fig. 9.1 with preferredframingandcolourstatev’

1. Let uscon-
sider first <W(L) W(U, !1’~)>I s~,wherethe unknot U hasframingspecifiedby
eq. (6.8) with r=p. By meansof two Kirby moves,thelink shownin Fig. 9.1 can
betransformedas shownin Fig. 9.2. Therefore,by usingeq. (8.8) andby taking
into accountthenormalizationfactor,onefinds
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QC

Fig. 9.1. Knot Cm L(p, I).

p - 00 ~

Fig. 9.2. Equivalentdescriptionsof theknot Cm L(p, I).

(W(C;vi~)W(U,~1’o)>Is’
=a(k) ~ N~~~tE

0[j]E0[rn]qQU)q(P)Q(m)qQ(l). (9.4)

‘in

Let usdenoteby Z(~)the expectationvalue

Z(P)<W(U, !1’~)>Is,a(k) ~ q”°”~E~[i]. (9.5)

ForZ(~)~0, the expectationvalue <W(L)> IL(p,i) is givenby

<W(L)>II(pI)=Z~p’~~ ~L(i)N,~I~EO[I]EO[m]
‘ml

(9.6)

The last exampleof this sectionis thePoincarémanifold9. This manifold is
ahomologyspherebut not ahomotopysphere.A surgerypresentationof .9 is
givenby the right-handedtrefoil knot Tin S

3 with surgerycoefficient r= 1 (and
framingspecifiedby eq. (6.8)).The knot C 9 shownin Fig. 9.3 haspreferred
framing.For simplicity,we shallconcentrateon thecasek= 1. By usingthe result
(13.9) ofRef. [l],one obtains

<W(C; w~)W(T, ~‘~)>Is3={~/~+~)/
2fOr ~/,= W[±l]. (9.7)

Therefore,

fl forvi1=~P[0],forvi1=~[±l]. (9.8)
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Fig. 9.3. Knot Cm thePoincarémanifold /i.

It is clearthat the correspondingexpressionsfor k=2 canbe obtainedfrom
(9.8) by taking the complexconjugateand the resultsfor k=4 coincide with
(9.8).For highervaluesof k, the computationof < W(L)> I ~ is straightforward.

10.Manifolds IgXS’

In thissectionweshallconsidertheset of manifolds~ X 5’, whereEg is a Rie-
mannsurfaceof genusg. Let usdenoteby 2’(g) a surgerylink in S3correspond-
ing to asurgerypresentationof 2gx S’. We shalldescribefirstly howto construct
.2’(g) for arbitraryg. Then,weshallconsiderexamplesof linksin XgXS1.

The manifold1g canbe obtainedfrom thetwo-sphere52 by addingg handles,
of course.Similarly, the three-manifoldEgX S’ canbe obtainedfrom S2x5’ by
“addingg handles”accordingto the prescriptiondescribedin Ref. [13]. Con-
siderthe link L (g) in S3 shownin Fig. 10.1, wherethe componentU andtheg
components{M,, ..., Mg} have preferred framings. The surgery link 2’(g) is a
satelliteof L(g) whichisobtainedby replacingeachcomponentM) (with 1 ~ i ~ g)
with h~(P).Thehomeomorphismh’°’hasbeendefinedin Ref. [1]. The pattern
linkP, whichis containedin thecomplementsolid torusNof theunknot Vin ~3,

is shownin Fig. 10.2. The satelliteobtainedaccordingto thisprescriptionis the
link .2’(g) in S3which has2g+ 1 components.Eachcomponentof 2’(g) haspre-
ferredframingand,consequently,theassociatedsurgerycoefficient is r= 0.

As an example,the surgerylink 2’(l) is shownin Fig. 10.3; 2’(l) is ambient
isotopic with the Borromean rings and corresponds to the manifold

M

Fig. 10.1. Link L(g) in 5’.
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v~p

Fig. 10.2.Patternlink Pin thecomplementof Vin S
3.

0 1)

Fig. 10.3. Borromeanrings.

Eg X 5’ T2x 5’. Supposethatbothcomponentsof thepatternlink Phavecolour
9’~.We shalldenoteby W(P; !Pc,, ~P

0)the productof the associatedWilson line
operators.SinceP is definedin N, W(P; ~Po,~P~)is agaugeinvariant observable
definedinsideasolid torus.Consequentlyit admitsadecompositionof the type
[1]

W’(P; Wo, P0)= ~ ii(i)J4”(K;w,) , (10.1)

whereK is the coreof N with preferredframing. By usingthe methoddescribed
in Ref. [13], onefinds

ij(i)= >.E,5’[j]H~1. (10.2)

Eq. (10.2) is valid for anygroup G. Eq. (10.1)gives the decompositionof the
surgeryoperator,which is associatedto “one handle”,in termsof a single col-
ouredlink component.The abovedecompositionwill be usefulin the computa-
tionof expectationvaluesof Wilsonline operatorsin XgXS’.

Let considerfor examplethe casek=5; the reducedtensoralgebra.9~is of
ordersixandthe elementsof its standardbasisare

{~P’[0, 0], ~P[1,0], ~P[2,0], ~P[0, 1], ~P[0,2], ~P[l, 1 ]} . (10.3)

Thenontrivialstructureconstantsaregivenby

W[l,0]Y’[1,0]=V’[2,0]+W[0, 1],

W[l,0]W[0, l]=!P[0,0]+~1’[l, 1],

W[l,0]~P[2,0]=Y’[l, 1],
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W[l,0]W[0,2]=W[0, 1]+!P[l, 1]

1, 0]! ‘[ 1, l]= !P[ 1, 01+!P[0, 2]

!P[0, l]W[0, l]=W[0,2]+9’[l,O]

~P[0,l]Y~[2,0]=W[l,0]+W[l, 1]

!P[0, l]~P[0,2]=V’[l, 1],

~P[0,l]W[l, l]=9’[O, l]+!P[2,0]

W[2,0]Y’[2,0]=!P[0,2]

!t’[0,2]W[0,2]=!P[2,0]

!P[0,2]V’[l, l]=9”[l,O]

!Y[l,l]~P[1,1]=~P[l,1]+9”[0,0]. (10.4)

The nonvanishing~j-coefficientsfor k= 5 are

ij[0,0]=6, i~[l,l]=3. (10.5)

By usingthedecomposition(10.1),onefinds

(10.6)

Let usnowconsiderthe knotCc T2xS’ shownin Fig. 10.4; whenC haspre-
ferredframingandcolourw

1~onegets

— . Jl forvi,=9’[O,O], 107for vi,=W[l, 1]. ( . )

In agenericmanifoldof thetype ‘~gx 5’, wecaninterpret5’ asa compactified
“time” interval, ~g beingthe space-likesurface.Accordingto thisinterpretation,
the knot Cc T

2xS’ shownin Fig. 10.4describesthe staticsituationin which a
singlecolouredpunctureis presentin T2.

Considernow the staticcasein which two colouredpuncturesarepresenton
T2. Let C, and C

2 be the knots in T
2xS’ which describesthesetwo punctures.

Fromeq. (10.5) it follows that

o~o
Fig. 10.4. Knot Cm T2XS’.
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(10.8)

It is clearthat eq. (10.8) caneasilybe generalizedto the casein which several
puncturesarepresentin T 2 Indeed,by meansof the satelliteformulae,we can
replacethelink associatedto thesepunctureswith a singleknot. The samemethod
canalsobeusedto analyzethe situationin whichthegenus(numberofhandles)
is greaterthanone.In fact, accordingto eq. (10.1),addingonehandleis equiv-
alentto theintroductionof apuncturewith colourY

1(h)= ~,t~(i)w
1.For example,

let usconsider.~2xS’with onepuncturehaving colour v’. By usingeqs. (10.4)
and (10.5)oneobtains

<1’~(C;vii)> H~s’ ~i1o,o1+ôj[II]. (10.9)

11. Three-manifoldinvariant

As wehaveshownin theprevioussections,theexpectationvalues<W(L)>
representtopologicalinvariantsof thelink L in thethree-manifold.4’. We would
nowlike to constructatopologicalinvariantof themanifold.4’ itself. In the sur-
gery presentationof the manifolds,eachthree-manifold.4’ is characterizedby a
classof equivalentsurgerylinks in 53~Thus,it is naturalto look for a manifold
invariant [3] which is definedby the expectationvaluesof the Wilson line op-
eratorsassociatedwith the surgerylinks {2’}. In the derivationof the surgery
rulesfor the field theory,wehaveseenthat <~~‘(2’)> Is’ carriesinformationon
the manifold4’. Unfortunately,<J~T’(2’)> I s

3 isnot invariantunderKirby moves
and,consequently,it cannotrepresenta three-manifoldinvariant. In Section6
we haveshown that, underaKirby move, <~i~(2’)> I s’ getsmultiplied by the
phasefactore “~°, wheree’~’is given in eq. (6.5). Therefore,in orderto definea
topologicalinvariant,we simply needto introduce[7—121amultiplicativeterm
which cancelsout this phasefactor.

Let 4’ bethe (closed,connectedandorientable)three-manifoldcorresponding
to the “honest” surgerylink 2’ in 53~Let us introducean orientationfor 2’ and
let usdenoteby a(2’) the signatureof the linking matrixassociatedwith .2’.

Theorem5. Thequantity

J(4’)=exp[i~~a(2’)]<~(2’)>Is3. (11.1)

where J~r( 2’) has been definedin eq. (6.6), is invariant underKirby movesand
thenrepresentsathree-manifoldinvariant.

Proof Undera Kirby move, <l~’(2’)>Is’ transformsas

(11.2)
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whereasthe signaturea(.2’) transformsas [10,12]

(11.3)

Thereforef (4’) is invariantunderKirby moves.

Accordingto the surgeryrules (6.12), 5(4’) can be interpreted[3] as the
valueof the (improved)partition functionof the Chern—Simonsfield theoryin
ii.

In thesequelof this sectionwegivethe valueoff (4’) for variousthree-man-
ifolds. First of all we notethat, accordingto the definition (11.1),onehas

f(S~)=l. (11.4)

Themanifold 52 x 5’ admitsasurgerypresentationdescribedby the unknotwith
surgerycoefficient r=0. In thiscase,a(2’) =0 andthenonegets

fork=l 2
l(k~/l6) cos~(~/k) sin3(~/k) for k~3.

Let usconsiderthelensspacesL (p, 1) with p ~ 2; a surgerylink for thesemani-
folds isthe unknotwith surgerycoefficient r=p, the signatureof the correspond-
ing linking matrix is equalto + 1. By usingtheresultsof Section9, onehas
for k= 1:

f(L(p, l))=(i/~)(l+2e~°’~); (11.6)

for k=2:

(11.7)

for k= 3:

.f(L(p,l))=l; (11.8)

for k=4:

f(L(p,l))=(i/~J~)(l+2ei7~~/3); (11.9)

for k= 5:

f(L(p, I)) e ~3(~+ 1) [1 +2e~2~3]

x [l+~(3+~J~) ei6~n/h/5] . (11.10)

The Poincarémanifold admitsa surgerypresentationdescribedby the right-
handedtrefoil with surgerycoefficient r= 1. The valuesof the associatedinvar-
iant for k=l, 2,3,4, 5 are
fork= 1, 2, 3,4:
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./(9)=l ; (11.11)

for k= 5:

5(9)= ~3(\/~+l) (2—i~)3+~R(l_eiTh/S). (11.12)

The manifoldT2xS’ correspondsto the surgerylink shown in Fig. 10.3. From
eq. (10.2), it follows that ,~(1) = ~,1 = dim ‘9~k)~Consequently,onehas

f(T2x5’)=f(S2XS’) dim 2~k)~ (11.13)

Let us now considerthe manifold .�gXS’; by using the handledecomposition
( 10.1),we find
for k= 1, 2, 4:

5(~gXSI)J~3~ (11.14)

for k= 3:

f(XgXS’)l; (11.15)

for k= 5:

5(X xS1) ~3~.s~/2F(g 1) ~1)/2 forgeven,

g — ~ forgodd.

(11.16)

In eq. (11.16), F(g) denotesthe gth Fibonaccinumber;i.e., F(g) is definedby
F(g)=F(g—1)+F(g—2), with F(l)=F(2)=l. Detailson the derivationof
eq. (ll.l6)canbefoundinAppendixC.

12.Connectionswith conformalfield theory

The analyticcorrelationfunctionsof primaryfields in the conformalWZNW
model possessmonodromypropertiesdescribedby the famous Knizhnik—Za-
molodchikovequation[15]. Theassociatedbraidgrouprepresentationhasbeen
studiedin greatdetails;as shownby Kohno [16], thesemonodromyrepresenta-
tionsareequivalentto the R-matrix representationsdefinedin termsof the so-
calledquantumdeformationsof the simpleLie algebras.On the otherhand,the
skein relationssatisfiedby theexpectationvaluesof theCS theorycanbeassoci-
atedwith braid grouprepresentationswhich, again,areequivalentto the R-ma-
trix representations[17]. Thus, the braidingstructureswhich arefound in con-
formal field theory,in thequantumgroupapproachandin theCStheorycoincide.
In fact, asshownby Drinfeld, thebraidrepresentationsdeterminedby the quasi-
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tensorcategoryassociatedwith thequasi-triangularquasi-Hopfalgebrasareuni-
versal [18].

Consequently,several algebraicrelationswhich are found in the different
modelshaveauniversalstructure.Ofcourse,theserelationsmayadmit different
interpretationsdependingon theparticularmodelswhich areconsidered.In par-
ticular, as discussedby Witten in [6], the fusion rules of the SU(3)~WZNW
modelshouldhaveacorrespondingcounterpartin the SU(3) CStheory.Indeed,
thealgebraof thefusion rulesoftheSU (3) WZNW modelof level I is isomorphic
with thereducedtensoralgebra.2~k)ofthe SU(3)CStheorywith k=l+ 3.

The proofis very simple. On the one hand, the Knizhnik—Zamolodchikov
equationin theconformaltheorydeterminesaflat connectionofthetypeconsid-
eredby Kohno andthe Sugawarafor of the energy—momentumtensorimplies
thatthe resultingdeformationparameteris givenby q= exp( — i2m/ (1+3)). With
thisvalueof thedeformationparameter,the fusionrulescloseon afinite set of
conformal blocks which are labelledby certain irreduciblerepresentationsof
SU(3).

On the other hand, in the CS theory the deformation parameter is
q=exp(—i2n/k). The componentsof the links are labelledby the irreducible
representationsof SU (3) andthe three-dimensionalcounterpartof the fusion
propertyof theprimaryfields is representedby the structureof thesatelliterela-
tions. By comparingthe deformationparametersof the conformaltheoryandof
theCStheory,onefinds thattheycoincidewhenk= 1+3. With thisfixed integer
valueof k, we haveseenthat the algebraicstructureassociatedwith the satellite
relationsof theCS theorycloseon afinite setof physicallyinequivalentrepresen-
tations.As we haveshownin thispaperandin [1], theserepresentationsidentify
theequivalenceclassesbelongingto the reducedtensoralgebra.

9~k).The struc-
tureconstantsof 3~k)characterizethe satelliterelationsandthentheycorrespond
to the fusion rulesof the conformaltheory.Therefore,becauseof Drinfeld’s uni-
versalitytheorem[18], the fusion algebraof the conformaltheorywith level 1

mustcoincidewith thereducedtensoralgebra.I’(k,+3).

In the casein which the gaugegroup is SU(2), the equivalencebetweenthe
structureconstantsofthereducedtensoralgebraandthefusionrulesof theSU(2)~
WZNW modelhasbeenprovedexplicitly [17]. WhenG= SU(3), it is immedi-
ateto verify that, for example,thefusion algebraof level 1= 1 is isomorphicwith
.1(4). Thegeneralproperties(5.8)—(5.ll), which we haveobtainedby meansof
thepropertiesof the CS theory,are exactlythe properties[19] that the fusion
coefficientsmustsatisfy.

Furthermore,onecanshow [20] thatthe S-matrixof the SU(3) WZNW con-
formalmodelis strictly connectedwith theHopfmatrixH[ (m, n); (a, b)] given
in eq. (8.4) of Ref. [1]. The celebratedpropertythat the S-matrix diagonalize
the fusion rulesadmits a simple interpretation[20] in the CS theory. As well
known [21], thedimensionof thebundleof the generalizedcharacterson a Rie-
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mannsurfaceof genusg can be expressedin termsof the S-matrix. The same
formulacanalsobederived[20] in the CStheory.

13. Conclusions

In this paperwe havegiven the solution of the Chern—Simonstheory in any
connected,closed andorientablethree-manifold.4’ when the gauge group is
SU(3). By usingthe structureof the reducedtensoralgebra‘

9~k)associatedwith
SU(3), we havederivedthe field theorysurgeryrules which permit usto relate
the valuesof the observablesin .4’ with theexpectationvaluesin 53~

We haveanalyzedalsothe generalfeaturesof the surgeryrules for a generic
simplecompactLie groupG. Quite remarkably,the form of the surgerycolour
state!P

0 turnsout to beuniversal;in particular,!P0 is determinedby the valuesof
the unknot.

The surgeryruleshavebeenusedto computethe expectationvaluesof Wilson
line operatorsdefinedin severalnontrivialthree-manifolds.We haveshownhow
the improvedpartition function5(4’) of the theorycan be expressedin terms
of theexpectationvaluesof theWilsonline operatorsassociatedwith the surgery
links. Invarianceof 5(4’) underKirby moveshasbeenproved.Variousthree-
manifolds havebeenconsideredandthe correspondingvaluesof 5(4’) have
beencomputed.

AppendixA

The main purposeof this appendixis to showthat the structureconstantsof
the reducedtensoralgebraverify therelationN,1,,,= N,~,,,,.We shallalsoincludea
discussionon the normalizationfactorsappearingin the surgerycolour states.
Let us recallthat the elementsof the standardbasisof ‘

9~k)aredenotedby {w~}.
Theunit elementof thealgebrais indicatedby WI.

PropertyA.1. Thestructureconstantsof~k)satisfy

(A.l)

Proof Whenk= 1 andk= 2, the validity of eq. (A. 1) can easilybe verified by
direct inspection [1]. Let usconcentratethenon the casek>~3. In Ref. [1] we
haveprovedthatthe HopfmatrixH satisfies

(H2),
1=b(k)5,1~, (A.2)

where
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3k
2

b(k)= . 6 2 (A.3)
256 sin (it/k) cos (it/k)

SinceII,~representsthe valueof the Hopflink, by usingthe connectedsumfor-
mula (4.16) ofRef. [l],one finds

(H2),,= ~ E,~[m] < W(C,, C
2,C3 v’~,vi,, vim)> Is’, (A.4)

where {C1, C2, C3} arethe three(framed)componentsof the link shownin Fig.

A. 1. By usingthesatelliterelations(7.1) andeq. (A.2), oneobtains

(H
2),

1=b(k)N,7,=b(k)ô,1~, (A.5)

which showsthateq. (A. 1) is satisfied.

Let us introducethe complex-valuedlinear functional.9~which is definedon
the elements~ The actionof 9~on the elementsof the standardbasisof ~

9~k)

is definedas

(A.6)

FromPropertyA. 1, it follows that

~(vi
1v~)=N,1, =ö,1~. (A.7)

Consequently,by meansof 9) thestructureconstantsN,1,~canbewritten as
9(vi~vi)vJ~~)=~N,

1,,9(~ii,,yi~~)=N,1,,,. (A.8)

Since‘~k) is acommutativeandassociativealgebra,onehas

~ (A.9)
At thispoint, onecanusethe relation~ (seeeq. (5.9)); therefore,
onefinally gets

N,~,,,=N,•~,,,,•, (A.lO)

which coincideswith eq. (5.10).
In orderto studythe normalizationpropertiesof the surgerycolour states,let

us introducethe following quantities

Fig. A. 1. Connectedsumof two Hopf links.



400 E. Guadagnini,L. Pilo /Journalof GeometryandPhysics14(1994)365—404

Z0=~E~[i], (A.ll)

Z(±,)=>q~E~[i] . (A.12)

By definition,onehasZ(—‘ ) = Z~,),moreover

(H
2)

11=Z0ö,1~. (A.13)

PropertyA.2. ThecomplexnumbersZ0,Z(±~) andZ( 1) satisfy

Zo=Z(+,)Z(,). (A.l4)

Proof Ontheonehandoneobtainsfrom eq. (7.6)

~ q°
t’~EO[i]EO[j]H~Z(~,)Z(1)~ (A.15)

Onthe otherhand,by usingthe formula [1] for the connectedsumof links, one
finds

> q°~’~E
0[i]E0[j]H,1 ~ q°

t’~E
0[i] (H

2),,

=Z
0 ~ q~E0[i]5,,

=Z0. (A.l6)

Eq. (A.14) followsfromeqs.(A.l5) and(A.16). Li

AppendixB

The valueof Z0, definedin eq. (A. 11), hasbeencomputedin Ref. [1]; for
k>~3, onehas

3k
2

Z
0= 256sin

6(ir/k) cos2(ir/k) (B.l)

In thisappendixwe shallcomputeZ~,,shownin eq. (A.12), whenk2 3. Let us
recallthat the elementsof the standardbasis of .9~k)are { !Pm, n] } wherethe
couples(m, n) labelthepointsof thefundamentaldomainAk,

Ak={(m, n)} with {~~‘k2. (B.2)

Sincethevalueof theunknotvanisheson the pointswhich belongto thebound-
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ary of 4k~eq. (A.l2) canbewritten as
k—2 k—2—m

~ qQ(m~~)E~[m,n]. (B.3)
,n=0 n~0

By usingthe correspondencerulesgivenin Ref. [1], it is easyto verify that the
sumappearingin eq. (B.3) canbe extendedto the region 0~m~(4k— 1) and
0~~ (3k—1) providedthatwedivideby a factor24=4x3x2. Thus,

1 4k—i 3k—i
Z(+,)=~-,~ ~ ~ qQ(mt1)E~[m,n] . (B.4)

~1’ m=O n=0

By insertingin expression(B.4) the valuesQ(m, n) of the quadraticCasimir
operatorandthe valuesE

0 Em,n] of the unknot,onefinds

1 4k—13k—i
+1) = ~ (1 —e~

2’~~) _6( 1 +e’~2’~’~) —2
m=0 n=0

x {ei(27~3~~tn2+n(m_3)1ei(2~3(m23m)

_2ei(2~~3I~~i12+mn)e_23(m23m±3~i

+e23E~12+t~m+3)l ei(213(m23m+6)

—2e~2”3~[n2+n(m3)l e2~~/3/~~m2+3)

+2e(27~3k~n2±mu1)e(2Th/3(m2+6)

+2e_2~3kn2+m+3fl e~23(m2+9)

_2e_2~3~En2+n(m+6)lei(2l~/3k~m2+12)

+ei(2Th/3~~n2±n(m3)le(23(m2+3m+6)

~ e_i(2~3hn2+3m+9)

_6e(2~r~3[n2+!~m+3)lei(2l~~~3(,n2+3m± 12)

+2e2~r~~3~2+m+6)]e~~23km2+3m± 15)

+e_i(2~3/~hiI2+n(m+9)le (2ir/3(m2+3ni+ 18)

_2e2~’3~(n2+mi~)e_ 2,z,’3 (m2+6m±l2)

+2e2n~/3~[n2+n(m+3)l ei(2~~~’3(,n2+6,n± 15)

+ei(2~’3~uun2±n(m±6)]e_2~r~3(m2+6m+18)

_2e_2~~3~En2+n(m+9)]ei(2~’3(m2+6m±21)

~ e_23(m2+9m+18)

_2ei(27~3~En2+n(m+6)lei(2~’3(m2+9m+21)

+e_27~3~~[n2+PI(m+9)]e (2 3k m2+9m+24)} . (B.5)
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The sumsappearingin expression(B.5) havethe form of generalizeddouble
Gausssums.In orderto evaluatethis expression,we needto recalla few proper-
tiesof the Gausssums.Let F(y, a) be thefunction (generalizedGausssum)

y— 1

F(y, a) = n~Oe (i2it/~’) (n
2+an) , (B.6)

wherey (with y> 1) anda areintegers.By usingthe reciprocityformula [14]
forthegeneralizedGausssums

cl —1 Ia]—’

n=0 e~’~”~(an2+bn) = ~ eTh/4~~~( ad _62) n~O e~—ill/a) (~.n2+/,,,), (B.7)

onegets

F(y, a) = e(ifh4)(2a2/1~1)[1~ . (B.8)

Eq. (B.8) can be usedto computeZ( +1). Indeed,eachterm enteringexpression
(B.5) consistsof adoublegeneralizedGausssum.By usingeq. (B.8) twice,each
termcanbeevaluatedexplicitly. The final result is

— iôll/k ________________________
316 cos(m/k) sin (it/k)

A nontrivial check of eq. (B.9) is the following. The product
Z(+,)Z(_,)= Z(+,)12 coincideswithZ

0givenin eq. (B.!). This meansthatthe
result (B.9) is in agreementwith PropertyA.2.

AppendixC

In thisappendix,wegivethe explicit derivationof eq. (11.15).Themanifold
EgXS’ canbeobtainedfrom S

2x5’ by “addingg handles”.As wehaveshownin
Section 10, eachhandleadmitsthe decomposition(10.1).Whenk= 5, the non-
vanishingvaluesof theis-coefficientsareshownin eq. (10.5).Therefore,in order
to compute.1(XgX5’), we needto considerthe manifold S2x S1 with g punc-
tureson S2 whereeachpuncturehascolour ~ = 6¶t’[ 0, 0] +3Y’[ 1, 11. We shall
decomposetheresultingcolourstate

~ l])~, (C.l)

and,becauseof eq. (8.6),wehaveto findthecoefficient~ (0) of !P[ 0, 0] in this

decomposition.From(10.4) onehas
~t’[0,0]Y’[0,0]=~P[0,0], W[0,0]W[l,l]=~1’[l,l],
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!P[l, l]!P[l, l]=!P’[O,O]+!P’[l, 1]. (C.2)

Therefore,if Y’6 denotesthestate

W6=~[O,O]+x~[l,1], (C.3)

wherexis arootof the equationx
2=x+ 1 onegets (for n ~ 2)

(!Pb)~=(x+2)~’!J’b. (C.4)

Thestate2W[0,0]+Y’[l, 1] canbewrittenas

2!P[0,0]+~P[l,l]=x’((2x+l)W[O,O]+W
6). (C.5)

Consequently,from eq. (C.1) it follows that

‘lgh(0) i~[~÷(~x±2)~] (C.6)

Thetwo possiblevaluesof xare(1 ±~,/~)/2. Therefore,eq. (C.6) becomes

(C.7)

Sincetheequationx
2=x+ 1 definesthe recursiverelation

x~=F(g)x+F(g—l) (C.8)

for theFibonaccinumbers{F(g)}, the valueof theinvariant

f(EgXS’)g
4(0)~/3(~J~+l)/2 (C.9)

canbewritten in the final form

5(1 ~5i_S3 5~’
2F(g—1 )~3(~+1 )/2 ________ forgeven,

g ~ forgodd,

(C.!0)

which istheequationreportedin Section 11.
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